Introduction
In the case of open strings, Mafra et al. [1, 2] constructed a set of building blocks from Pure Spinor string theory with nice and interesting properties. They are classified in terms of their BRST transformation rules, ghost numbers and the number of the external legs.
In terms of these building blocks the authors of [3] are able to describe n-point amplitudes for SYM. These results can be achieved directly from the limit of string theory [4, 5, 6] or from SYM Feynman diagrams computations [7, 8] .
Furthermore, a convenient decomposition of 4-, 5-and 6-point in SYM singles out some expressions (kinematical factors), denoted by "n", satisfying very useful algebraic relations known as BCJ [9] . These relations have been derived from string theory by worldsheet methods (monodromy [10, 11, 12] ) and directly confirmed by SYM amplitude computations [9] . Finally, it is certainly convenient to implement those relations in terms of Mafra's building blocks. This has been done in [3] where, using again worldsheet computations of multi-leg massless external-state amplitudes, the appropriate combinations of those blocks have been discovered.
Starting from a different approach, namely from direct computation of SYM amplitudes, some new building blocks, named "τ ", have been described in paper [13] . They satisfy new relations known as KK, discovered for QCD amplitudes in [14] . The role of KK for τ and BCJ for n is to reduce the number of independent building blocks to the correct number which, for a tree level p-point amplitude, is (p − 2)!. When one expresses the amplitudes in terms of building blocks fulfilling the KK relations, they turn out to obey also the BCJ relations (and consequently, the number of independent amplitudes is (p − 3)!). On the other side, if the building blocks obey the BCJ relations, the corresponding amplitudes satisfy the KK relations. It has also been pointed out by Bern et al., in the analysis of SYM amplitudes, that KK relations play a fundamental role in the finiteness of the theory and in the cancellations due to supersymmetry [15] .
Furthermore, Mafra et al. showed that some BCJ relations can be derived from BRST symmetry and, when the amplitudes are written in terms of those ingredients, they display the wanted symmetry properties. Here, we show that indeed all possible BCJ relations are found by using BRST symmetry. We explicitly check it on the 4-, 5-and 6-point amplitudes.
In the same paper [13] , Bern et al. proposed a new formula for supergravity amplitudes based on the SYM building blocks, which has been used by two of the authors of the present 1 paper to derive the supergravity amplitudes for 4-and 5-point [16] . That formula uses the τ 's as follows: first they rewrite the open string amplitude A Open (n) in terms of τ L 's by means of a relation between n's and
Then this expression (thought as the left-mover part of closed string amplitudes)
is paired up with the right-mover τ R as A L (τ L ) τ R and summed over the non-equivalent permutations of the external legs.
To check if this procedure is correct, we adopt Mafra's point-of-view: the construction is based on the decomposition in terms of the building blocks and it has to respect the BRST symmetry. 4 Therefore, we require the supergravity amplitude to be invariant under the left-and right-BRST symmetry. This can easily be checked, observing that the SYM amplitude is manifestly invariant under the left-BRST variations, which leave invariant the τ R 's, used to construct the supergravity amplitudes. Vice-versa, the same is true if the specular construction, namely by taking the τ L and A(τ R ), can be considered. Therefore, the main issue is to prove the equivalence of the two expressions or, differently said, to prove the expression for the amplitude to be symmetric under the exchange of chiralities.
In the case of 4-and 5-point functions, this fact has been shown in [16] , but in the case of 6-point functions it turns out to be rather more difficult. Here, we review the computation of [16] from a different perspective, we explicitly show that there is a suitable combination of Mafra's building blocks -which coincide with Bern's τ 's -that renders the supergravity amplitude symmetric in the exchange of chiralities. For the 6-point functions, we construct such a combination and show that our solution enjoys the needed symmetry requirements.
The paper is organized as follows: in sec. 2, we briefly review the BCJ and KK relations. We show that all BCJ relations can be derived from the BRST symmetry. In particular, it is proven that the BRST exactness of some linear combinations of vertex operators -which, in turn, implies the vanishing of the corresponding amplitude -are directly linked to BCJ relations. In sec. 3, we discuss the relation between different types of building blocks, their symmetry properties and the relations they must fulfill. Finally, in sec. 4 we discuss the 6-point functions. In appendix A we present a compact form for the BRST transformations of the building blocks.
BCJ, KK relations and Q-exactness
Both KK and BCJ are induced by monodromy as shown in [11, 10] . In order to discuss this argument, let us consider a tree level n-point open string amplitude with U (N ) gauge group T ij T klm and so on. Obviously, increasing the number of legs also the number of possible candidates for Ω (2) and that of possible relations increase. In the next sections, we study the relations for 4-, 5-and, finally, 6-point functions.
4-point Functions
Let us define the building blocks:
Due to their algebraic properties, they obey the following symmetries
immediately following from the definition (2.3). On the other hand, if we consider the ghost number 2 quantity Ω (2) = T ij T kl , the Q-exactness implies
Therefore, the symmetry of n's under the exchange of the couples of indices is not a consequence of the definition of n's, but relies on BRST invariance. Let us choose instead
its Q-exactness, together with the fact that, for 4-point functions, s ijk = 0,
leading to
This relation is usually called BCJ relation and selects two independent n ij[kl] providing a basis for these amplitudes.
5-point Functions
For the 5-point amplitude the building blocks are 8) notice that there are 15 independent n's and 15 independent m's that, by construction, have the following structural symmetries
As in the case of 4-point amplitudes, there are 2 Q-exactness relations
which lead to, respectively
The former relation states that m can always be written as linear combination of n's, while decoupling the latter according to the momentum factor, we determine the 9 independent BCJ relations
Notice that according to [10] , there might be additional solutions to eqs. (2.13) known as generalized BCJ relations. We have explored this possibility.
6-point Function
The building blocks needed for the construction of the 6-point amplitude are the following
Now there are 3 different Q-exactness conditions
16)
from which we can deduce the following BCJ relations
that add to the ones given by the structure of the building blocks. Notice that due to the second and third equations in (2.15) the l and m blocks are not needed for the construction of the amplitudes.
τ 's vs n's
Here we discuss the relations between Mafra's bulding blocks (BB) and the new objects τ , introduced in [13] , which appear to be the natural generalization of the form factors from SYM to Supergravity amplitudes. For n-point functions there is always a fundamental equation which relates n with τ . This expression reads, for n = 4,5 and 6:
2)
3)
It should be noticed that the above definitions are fully compatible with the structural symmetries of the building blocks n, provided the τ 's are cyclic. To invert the above equations and get τ = τ (n) one can proceed as follows: first express the τ 's in terms of all the BBs 4) provided that the cyclic symmetry of τ is respected. The index I runs over the independent n's and p labels the number of external legs. The symmetries on τ imply some conditions on the coefficients α I , but in order that the KK are satisfied one needs additional symmetries stemming from eq. QΩ (2) = 0. 
where A labels the BBs according to their operatorial structure, and I runs over the independent ones. By imposing the KK relations we found that the complete BCJ relations must be used in order to express the m's and l's in terms of the n's.
The reverse expression is apparently unique for 4-and 5-point, and have the form of
and
For 6-point an expression (supposedly not unique) has been guessed in [13] . The τ 's are cyclic on their indices and automatically satisfy KK relations if the n's possess their structural symmetries and satisfy BCJ's as discussed above. Moreover, the number of independent n's considering structural symmetries and BCJ's always match the number of independent τ 's surviving the KK relations, that is (n − 2)!.
6-point Closed Amplitude
Here we extend the work presented in [16] , deriving the 6-point amplitude for closed string. Following the procedure proposed in [13] we have
where σ labels all non-equivalent permutations of the p indices, k is the gravitational coupling and A L p is a p-point color-ordered open amplitude.
In [13] , supergravity amplitudes are found using a set of BBs different from the one by Mafra, namely the τ 's. The amplitude is written formally as the sum over all nonequivalent permutations of the product of A Open and τ , where the former is to be intended left-and the latter right-moving. Expressing all the amplitudes in terms of τ , it is easy to show that the expression is symmetric in the exchange of left-and right-movers, from which Q-invariance is deduced. This is the procedure used in [16] . In this paper we propose a different way to build the amplitude and to show its Q-closure. Take for instance the 4-point function:
where
This expression is manifestly left-BRST invariant: indeed the τ R are left invariant (since
Now, we compute the complete expression for A Closed by summing over the 6 independent
It is easy to see that, collecting the different poles, we end up with expressions characterized by the same n L in front, multiplying a linear combination of τ R 's
then we identify that combination with n
Doing so, we actually require the symmetry in the exchange of left and right. Finally, rewriting the closed string amplitude as
we can apply the right-BRST charge and, while τ L is left untouched by Q R , A Open R,σ is manifestly invariant. We can thus conclude that A Closed is Q-invariant. Notice that the above combination of τ 's satisfies the BCJ relations, as we explicitly checked. This is a consequence of the request that the τ 's must satisfy KK relations, but a more precise statement is needed: if the τ 's fulfill the KK relations, there are exactly (n−2)! independent building blocks. On the other side, if the n's satisfy the BCJ, they also are expressed in terms of (n − 2)! building blocks. Thus, the precise statement is that the relation between τ 's and n's is a one-by-one correspondence if and only if both of them satisfy the respective identities. Swapping between τ 's and n's is allowed only if the number of independent building blocks is the same.
Let us now consider 5-point amplitudes.
Applying the same technique the following result for closed amplitude is found
from which it is natural to identify 11) and again the closed amplitude is Q-invariant by left/right symmetry.
Let us now turn our attention to the case of 6 external legs. First of all we recall the the open string 6-point amplitude proposed by Mafra Computing (4.1) and applying the strategy above explained, we find that the n's are always multiplied by the same linear function of τ 's
(4.14)
Notice that the l's are multiplied by combination of τ 's which is compatible with (2.17) and (4.14) . To have L/R symmetry satisfied, we then define
The 6-point amplitude for closed string is then closed under the action of Q = Q L + Q R .
Let us discuss in more detail the computation which leads to (4.15) . Starting from (4.2)
we write explicitly A Open L as in (4.13),
Using (2.17) to write l as function of n and summing over all the 120 inequivalent permutations σ of the 6 indices (i.e. fixing for example the first index and permutating the others) we obtain the following handy expression
where β is the set of the different strings (made with i, j, k, l, m, n indices) which gives rise to independent structures in the poles. For 6 external legs, without considering momentum conservation, there are 180 independent pole structures for n and 15 for l.
As we have already said, to have Q-closure we impose 4.19) and with this definition we write the the 6-point closed amplitude
which is clearly L/R symmetric and thus Q-invariant.
Conclusions
We discuss the relations between different building blocks emerging in the construction of SYM and supergravity amplitudes. We discuss the role of the KK and of the BCJ relations and how they can be derived from the BRST symmetry. Finally, we discuss the decomposition of the of the 6-point supergravity amplitude and its BRST invariance. A future endeavor will be the comparison of the final expression with the tree level amplitudes in the literature. That amounts to compute the pure spinor correlation functions explicitly and it will be published somewhere else.
In order to deal with the complete set of these equations it is convenient to introduce the follwing combination: given auxiliary variables ξ i which are multiplied tensorially as
. ., we can introduce the field 
B(M
It is still obscure how the new operator B should act on tensor product of 3 or more Φ.
For example we may have that 8) where the operator B has been supposed to act on consequent pairs of fields Φ. This is only a preliminary analysis, but in our opinion there should be an operator B acting on the algebra on building blocks implementing the famous B-field.
